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" Abstract. This work is an extension in Arch models of the theorem of S.Y. Hwang and I.V. Basawa Hwang and Basawa 
I ' (2001) which was used before in nonhnear time series contiguous to AR{1) processes. Our results are established 
, under some general assumptions and stationarity and ergodicity conditions. Local asymptotic normality (LAN) 
for the log likelihood ratio was established. An optimal test was constructed when the parameter is assumed 
^ , known. Also the optimality of our test was proved when the parameter is unspecified. The method is based on 
^ the introducing of a new estimator. 

' Keywords and phrases : Local asymptotic normality, Contiguity, efficiency, identifiable models, 
Le Cam's third lemma, discrete estimate, modified estimator, time series models, ARCH models. 
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1 Introduction 



[ The study of the chronicles emanating from economic, biological, financial, hydrological, biomedical data or 

' ' ' others make use of relevant mathematical models, namely the time series models that allow to model this 

' type of problems provided that this framework takes into account several criteria, such as, for instance, the 

Qv^ ■ dependance of the observations, or the mean and the variance which are functions that depend on time. This 

^f) [ often leads us to choose a class of well adapted models to aggregate these differences best. The chosen class will 
be that of stochastic models which will be detailed in the following. Let {{Yi,Xi)} be a sequence of stationary 

\^ I and ergodic random vectors with finite second and third moment such that for all i € Z, 1^ a univariate random 

i variable and Xi a c?-variate random vector. We consider the class of stochastics models 



Y, = T{Z,) + V{Z,)e,, leZ, (1.1) 



where the random vectors Zi ~ ^^i-i, ■ • • , ^'i-s^ Ai, Ai_i, . . . , Ai_gj , for given non negative integers q and 
I s, the e,;'s are centred iid random variables with unit variance and density function /, such that for all i G Z, ti 
^ \ is independent of Ti = a{Zj,j < i), the real-valued functions r(-) and V{-) are unknown. 
" " " In this paper we study the problem of testing of the couple of functions {T{-),V{-)) in a class of parametric 
functions. Another words, let 

M = { {m{p, •), a{e, •)) , {p'^,e'^V e Gi X 62} , 

81 X 82 C X M'', int(8i) ^ 0, int(82) ^ 0, where for all set A, int{A) denotes the interior of the set A and the 
script T denotes the transpose . £ and p are two positive integers, and each one of the two functions m(p, •) and 
a{6, •) has a known form such that (t{9, •) > 0. For a sample of length n, we derive a test of Ho [{T{-), V{-)) E A4] 
against Hi [{T{-), V{-)) ^ M], one can remark that the null hypothesis Ho is equivalent to : 

Ho[{T {■),¥{■)] - (m{por),<j{Oo,-)), 

for some {po,dQ)^ G 81 x 82 while the alternative hypothesis Hi is equivalent to 

HiiiT {■),¥{■)] ^ (mipor),aieor)). 
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When we choose the alternative hypothesis hke this 

For aU integers n> 1 the ahernative hypothesis i/^"^ is define by the fohowing equahty 

H["\iTi-),Vi-)] = (mipo,-) + hn~'^G{-),a{0o,-) + h'n~'^S{-)), 

G and S are two specified functions with values in M, {h, h') £ A'l x K2 where A'l et K2 are two compacts of 
M and hh' ^ 0. 

Under the null hypothesis (iJo)i the time series model (1.1) 

= m{p^,Z,)^G{dQ,Z,)u. (1.2) 
And under the alternative hypothesis the time series model (1.1) begin 

Y, = m{p^,Zi) + hn-"^G{Zi)+(a[eQ,Z,) + h! n-"^S{zS)^^■ (1.3) 

Let /o and //; /j' denote the density function of the random variable corresponding to the time series model 
(1.2) and (1.3) respectively, and let /„_o 8'iid fn,h,h' denote the density function of the random vector (Yi, ...Yn) 
corresponding to the time series model (1.2) and (1.3) respectively. Different specifications of m(po, •) and a{9o, •) 
show that (1.2) embodies a large class of time series models, for instance, we name AR, ARMA, SETAR, SETAR- 
ARCH and /3-ARCH. 

We consider the problem of testing the null hypothesis (Hq) against the alternative hypothesis {h["''') such that 

(Ho) : m{p, Zi) = m{pQ, Zi) and a{0, Zi) = cr(6'o, Zi), 

and, 

(i/J"^) : m(p, Zi) = m(po, Z,) + hn~iG{Z,) and (j{9, Z,) = a(0o, Z,) + h'n-^-S{Z,). 

We use the Neyman-Pearson test statistic based on the log-likelihood ratio An,h,h' which is defined by the 
following equality 

K.h,h' log J = Vlog(g„.j,ft,,j/). (1.4) 

Our aim is to establish the normality of the test. Based on (Hwang and Basawa, 2001, Theorem 1) and under 
some hypothesis and conditions and to a constant close, the log-likelihood ratio (1.4) is asymptotically equiva- 
lent to a sequence of random variables which is called the central sequence, therefore we obtain an optimal test 
in the case where the parameter {po,0o) is specified. In a general case, the parameter {po,0o) is unknown, so 
the propriety of the optimality of the test is not asserted. In order to estimate this parameter, we use locally 
discrete estimates, this kind of estimates was introduced by Le Cam (1960), and used by Bickel (1982) and 
Kreiss (1987). 

The advantage of discrete estimates is the Lemma (4.4) of (Kreiss (1987)), This Lemma was among the funda- 
mental tool used by several authors to complete their research works, we can name the articles of Hallin and Puri 
(1994), Benghabrit and Hahin (1998, 1996) and Cassart et al. (2008). 

When we consider the difference between the two expressions of the central sequence and an estimated central 
sequence, sometimes it is possible to prove the optimality of the test. In our case and after the difference between 
the two central sequences, we get asymptotically a non-degenerate term. In order to solve this very problem 
and on the basis of the discrete estimates, we introduce a new estimator, the principle is to absorb the error of 
the difference between the estimated central sequence and the central sequence with the unknown parameter 
by modifying one component of the discrete estimate, this method is presented in (Lounis, 2012, Section 1). 
Consequently, under some assumptions, the optimality of the constructed test is proved. 
The paper is organized as follows 

In the forthcoming (2), we establish some general assumptions and results which are used in order to construct 
the test when the parameter is assumed known, the local asymptotic normality is established, an optimal test 
is constructed and it's asymptotic power is derived. In section (3), supplementary assumptions are given, the 
discrete estimates were introduced and applied for the central sequences. In section (4), we prove the optimality 
of the test when the parameter is unknown, the proof is based on the modified estimate which is defined in the 
work of Lounis (2012). Section (5) concerned the generalization of our results in Z. In section (6), we conduct 
a simulations in order to investigate the performance of the proposed test. All mathematical developments are 
relegated to the Section (7). 
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2 The construction of the test when the parameter is known 



Many results and assumptions are stated in the next subsection in order to construct our test in the case when 
the parameter of the study time series model is specified. 

2.1 Main results and assumption 

Throughout we assume that i e N. An extension on Z will be made at the end of this paper. 
Consider the time series models 



m{po,Zi) +(7{9a,Zi)ei 



and, 



Y, = mipo,Z,) + hn-iGiZ,)+(^aieo,Z,) + h'n-^SiZ,)^e,. 

In order to establish the principle of local asymptotic normality (LAN) for the log-likelihood ratio Kn^h.h', we 
use (Hwang and Basawa, 2001, Theorem (1)), so we check the three conditions noted (C.l), (C.2) and (C3) 
such that : 

For a fixed step (/i, h') in A'l x A'2 where hh' ^ 0, we have 
(C.l) maxi<i<„ \gn.i,h.h' - 1| = Op(l). 
(C.2) There exist a positive constant ^, such that 



i=l 

(C.3) There exist a J-n measurable random variable Vn,h,h' such that 

n 

'^{9n,iJi,h' - ^) = VnJi.h' + Op{l). 



1=1 



In order to establish our results, we need the following assumptions and notations. 
For all a; G R, let 



Mfix) 



/(a 



We assume that the function x 1 — !• Mf{x) is differentiable, we denote by Mf the derivative function of Mf. 
Consider the function F defined by 



F (x; a, b) 



If 



X — a 



where \a\ < 00 and < b < 00. 



We assume that the following assumptions are satisfied : 

(^1) (^1.1) : There exist a measurable positive function ip, a real p > 1 such that 
E((y9^(eo)) < +00 and a strictly positive real <j, where <; > max(|a|, \b — 1|) such that 



d^F{x]a,b) 



f{x) daidb'^ 



< <p(a;), 



j and k are two positive integers such that j + k = 2. 
(^1.2) There exist a positive functions Vi and V2 such that 



d^F{x;a,b) d^F{x;a',b) 



and 



d^F{x;a,b) d^F{x;a,b') 



da^db^ 



< Vi{x;a\b)\a- a'\ 



< V2{x;a,b*)\b-b'\, 
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where {a*, b*) G [a, a'] x [b, b'], j and k are two positive integers such that j + k ^ 2. 

There exist a measurable positive function (j) such that E(0(eo)) < +00 and a strictly positive real 1;', 

where > niax(|Q;|, |/3 — 1|) such that 



Vi{x;a,l3) 



fix) 



< 



(^2.1) 
(^2.2) 

(A2.3) 

(^2.4) 

(^2.5) 



{A3) There exist A > such that 



E{M;(eo)} = 0. 
E{eoA'//(eo)} = -1. 

E{M/(6o) + il/2(eo)} -0 

E{eo(M/(eo) + M|(eo))} 



0. 



(^3.1) 

(A3.2) 

(A3.3) 

(^3.4) 

(^3.5) 

(^3.6) 
(^3.7) 
(^3.8) 



E 

E 

E 

E 

E 

E 
E 
E 



GjZo) 



SjZo) 



Mfieo) 
eoM/(eo 
Mfieo) 



A+2 



< +00. 



A+2 



< +00. 



A+2 



< +00. 



A+2 



< +00. 



A+2 



< +00. 



A+2 



eoM/(eo) 



eo|2^+4<+oo. 

A+2 



< +00. 



1,2. 



elMfieo) < +00. 

A large class of the distribution functions satisfied the condition {A2), we can, for instance, name the standard 
normal distribution and the student distribution with a degree of freedom greater than 3. The hypothesis (^1.1) 
is similar to the condition (^3) fixed in Hwang and Basawa (2001). 

In order to get (^1.2), we shall assume that the partial derivatives with order 3 exist and are locally bounded. 
(The conditions (A2.3), (^2.4) and (^2.5) are similar to the conditions (j44.i)-(y44.5) fixed in Chebana and Lai'b 
(2008)). 



2.2 Optimal test when the parameter is known 

In this subsection, we proceed to construct the test in the case when the parameter [po, Oq) is assumed known, 
under the previous assumptions and conditions, we have the following Theorem : 

Theorem 2.1 Under the hypothesis (Hq), we have 



.h,h' 



T-2 
~h,h' 



'h.h' 
2 

G(Zo 



^(00,^0) 



+ op(l), where Vn.h.h' 
2 

+ /i'2(/2 -1)E 



2 

+ 2/i/i'(/i)E 



^7(^0,^0) 

JG {0,1,2} 



G(Zo)5(Zo) 

fT2(0O,^o) 



(2.1) 
(2.2) 



I,^E[elMj{eo)y 
2.3 Efficiency and power of the test 

In order to test the nul hypothesis [Hq) against the alternative hypothesis (ff") and for a fixed step (/i, h') in 
Ki X 1^2, we use the Neuyman-Pearson statistics Tn.h^h' defined by 



h,h' 



^ Th,h' J 



(2.3) 
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Where Z{u) is the quantile with order 1 — u of the standard normal distribution = 1 — u). 

We can deduce from the equahty (2.1) that (Hq) and ) are contiguous see for instance (Droesbeke and Fine. 
1996, Corollary (4.3)). Under (-ff") and from Le Cam's third's lemma Hall and Mathiason (1990), we shall prove 
that the random variable Vn^h.h' converges in distribution to A/'(t^ t^^ ^,) as ti — )■ +oo, therefore we obtain 
under the assumptions of the Theorem (2.1) the following statement : 

Theorem 2.2 The statistics test is asymptotically optimal with a power function equal to 1 — <I>(Z(1 — w) — ^,) 



3 Estimation of the parameters and the Unk between the random 
local sequences. 

In practice the parameter {po,Oq) is unknown, so we can't assert the optimality of the test. For estimating the 
unknown parameter, we use the discrete estimates. Firstly, we begin by introducing the local random sequences 
pn and 6n of the parameters po and Oq respectively, secondly we establish the difference between the central 
sequences Vn,h.h' (poi ^o) ^nd Vn.h,h' (Pm On), where Vn,h,h' {pn, 0n) is the central sequence obtained after replacing 
the parameter (po, ^o) by the parameter (/9„, On) in the expression oiVn,h,h', finally, and based on of (Kreiss, 1987, 
Lemma (4.4)), we introduce the discrete estimates. This kind of estimator was introduced by Le Cam (1960), 
and applied by (Hallin and Puri (1994)), (Benghabrit and Hahin (1998, 1996) and (Cassart et al. (2008)). 
We need in this work to remind some definitions and notations, and we assume some supplementary assumptions. 
The core of proof of the optimality of the test is based on the instrumental Proposition (3.1) which will be stated 
and proved later. 



Notations and definitions 

Throughout, || • ||p and || • \\t are the euclidian norms in and respectively. We define the local sequences 
Pn and On of the parameters po and Oq respectively by the following equalities 

n is a strictly positive integer, (u*^"^)^ x (w*^"^)^ G x W , 

such that 

(u("))T = (4"),..., 4")), (.("))T = (^.^"^...,4")), (r("))^ = (.(")^.("))T)^, 

and sup[(t("))^(t("))] < +oo. 



(3.1) 



For all n > 1, we denote by 

rn = \\Pn - PolU and = \\0n - O^Wp. 

For all integers i, we define the residual e,; by the following equation 

^ _ Yj - m{po , Zj) 
a{6Q , Zj) 

By replacing in (3.1) the parameters po and by the local sequences pn and On respectively, we obtained the 
expression of the natural estimate of the residuals defined in the following equation 

~ ^ Y,-mipo + n-iu(^'> , Z,) 
cr(6lo + , Zi) ' 

Let 



rf,hAPo,Oo) = -n-^^feM/(eO ^^^j (3.3) 

and 



q/M'APo, Oo) = -n-'^ jZ '^'(l + ^^Mf{,,)) f^^'l (3.4) 



i=l 
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Clearly, we have : 

V„,/i,h'(po,^'o) = rf^h,7i{po,0o) + qf^h',n{po,OQ). (3.5) 
By replacing in (3.4), and 6q by ej;.„ and On respectively, we get the following equalities 

^ (T(6'o + n 2 1,1"), Zi) 

n 

qf,h' 

Vn,h.h'{Pn,&n) — r f^h,n{Pn, &n) + Qfji' ,n{Pn , 0n) ■ (3.8) 



,„(p„,0„) = -„-^^/j'(l + g,^„M/(eV))-7 . (3.7) 



Assumptions 

We suppose that the conditions {A)i-{A)3 remains satisfied and we assume that for all fixed x, the functions 
p — > m(p, x) and 9 — > cr(0, x) are twice differentiable, we denote by 

am(n NT _ ( dmjp,-) dmjp,-) t _ , 0^(9, ■) da{9,-) 

= - and dMO,-)^(^^) ■ 

\ OpiOpj / l<ij<f V dt^iC'j / l<i,j<p 

d^m[p, ■) and d^a{9, •) are the hessian matrix of m(p, •) in p and cr(0, •) in respectively. 

We assume that the function x i — > Mfix) is twice differentiable with a hounded second derivative, Mf is the 
seconde derivative of Mf (in this case we assume that the function / has a third derivative ). We define the 
function Nf by 

Nf : XI — > Nf{x) = 1 + xMf{x). 
Note that the function Nf is twice differentiable with 

Nf{x) = Mf{x) +xMf(x), and Nf{x) = 2Mf{x) +xMf{x). (3.9) 

Nf and Nf are respectively the derivative and the second derivative of Nf , we suppose that Nf is bounded. 
According to the notations of the previous subsection, we assume that the following conditions are satisfied : 

(^4) 

- (^4.l) 

For all n > 1, there exist two closed balls = Bl,n(^Po^ ''i.n^ C int{&i) and 

B2,n = ^2,n(^0i ^2,n) C mt(02) whcrc ri^„ > r„ and r2.„ > and a positive function A'^i^^, such that 
E\ s\rpn>i Ni,n{Zo) ] < oo, where /i > , such that, for all fixed x, we have 



\ d m( o x) \ I d (t(u,x) i 

. maxi<,<,|^^-g^| maxi<,<p|^^k 
max! sup — , sup — < JVi,„(x). 



(A4.2) _ 

For all n > 1, there exist two closed balls B'^ ^ = -^i «( Po, '''1 „ ) C int{&i) and 



B'2 „ — B'2 ni(^0if'2 n) C int{Q2) whcrc r[ „ > r„ et r'2 „ > r'^, and a positive function N2^n , such that 
-Bl sup„>]^ N2^n{Zo) ) < 00, where /i' > 0, such that, for all fixed x, we have 

\dm(p.x)\ „^„^r \d<T{u,x)i 

( maxi<i<f I g"^- I maxi<j<p|^g— k 
max I sup — , sup — < iV2,„(x). 
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(^4.3) 



(3) 

For all n > 1, there exist two closed balls Bl „ = B 



i!l{po,r[^l) C mt(ei) and 



^2 „ = ^2 n(^Oj f-z n) int{Q2) where „ > r„ et r2 „ > r^j and a positive function N^^n such that 
-El sup„>]^ -^3,n(^o) ) < oo. where /is > , such that, for all fixed x, we have 

I dm(p,x) I „ I da{u,x) i 

/ maxi<,<^ I I maxi<j<p|^g--^K 
max sup — , sup — ^ — '- ) < Nz,n{x). 



(A4.4) 



For all n > 1, there exist two closed balls b[^1^ ~ b[^^(^po, r[^l^ C int{Qi) and 

-62^^ = B^l^{0o,r!2'n) C int{Q2) where r^^}^ > rn et r^}^ > r^, and a positive function N^^n such that 
i?|^sup„>]^ A'4.„(Zo)^''^^^ < 00. where /i4 > , such that, for all fixed x, we have 



( 



sup 



niaxi<ij<£ 



I 9 m{p,x) I 



a{0,x) 



sup 



I d aiu.x) 

maxi<fc,;<p I gg^g^ 
(j{9,x) 



< iV4,„(x). 



Remark 3.1 Several families of distribution assumed the condition " Mf is bounded we can for example 
cite the case where f is a standard normal distribution, then we have \Mf(eo) \ ~ 1 and |M/(eo)| = 0. 
When f is the student distribution with a degree of freedom greater than 3 , it is easy to prove with using simple 
calculation that the functions x 1 — > Mf{x), x 1 — > Mf{x) and x 1 — > xMf(x) are bounded (see Appendix). 

Locally asymptotic discrete estimates 

The great advantage of discrete estimates is (Kreiss, 1987, Lemma (4.4)) who goes back to Le Cam and is 
also used by (Bickel (1982)), (Linton (1993)), (Halhn and Puri (1994)), (Benghabrit and Hallin (1998, 1996)) 
and (Cassart et al. (2008)). The parameters po and 9^ are unknown, in order to estimate these parameters, we 
introduce the discrete estimates /)„ and 0„ of po and respectively, such that these two conditions {Di) and 
{D2) are satisfied : 

(Di) : pn is \fn consistent, i.e for all e > 0, there exist rii{pQ,e) and ni{po,e) such that under (Hq), we 
have Vn > ni{po, e), F{^/n\\pn - Polk > m) < £• 

6n is \/n consistent, i.e for all e > 0, there exist 772(^01 f) o.'i^d n2{Oo,e) such that under (Hq), we have 
yn > n2{eo, e), P(0i||^„ - ^ollp > V2) < e. 
{D2) : Pn, 9n are locally discrete, i.e for all fixed value c > and under (Hq) and as n ^ +00, the number 
of possible values of pn in Bi = {u G M'', ^/n||7i — po\\e < c} and On in B2 = {v G MP , \/n\\v — f?o!lp 1^ c} 
is bounded. 

Note that the condition (-Di) concerned the appropriate rate of convergence in probability of the estimates, 
this condition is satisfied by a several estimates such as the maximum likelihood estimates, the Yule- Walker 
estimates, the M-estimates and the least square estimates . 

We now may stat the fundamental proposition which is the the core of the proof of the optimality. 



Proposition 3.1 For (j, k) G {1, . . . , x {1, . . . let 

= {K,,...,Ki), K'^ = {!<[,..., K',) 

K 
J 



dPj Mf{eQ)G(Zo) 



cr{9o , Zo) a{9o , Zq) 



dpj Nf[eo)S{Zo) 



(7(6*0 , Zo) a{9o, Zq) 



— (Ji,...,Jp), J — {Ji, . . . , Jp) 



Jk = 



^^^^eoM/(6o)G(Zo) 



a{9o , Zo) a{9o , Zq) 



and = E 



Ocr(9o, Zq) ■ , N 0/^7 \ 

— or^ — eoNf{eo)S{Zo) 



(7(6*0 , Zo) (7(6*0 , Zo) 



(3.10) 



(3.11) 
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Then, we have the following equalities 

rf,h,n{Pn,On)-rf,hAPo,0„) = h {u^^Y + ^ {v^'^Y + o p (l) , (3.12) 

qf,h'APn,0n)~qf,h',n{PO,0o) = /l' (^/("^ ) ^X'^ + /l' )^ j'^ + Op (1) , (3.13) 

Vn,h.h'{Pn,On)-Vn.h,h'{po,Oo) = {u^'^'')'^ {h + h' K'^ ) + {tS"'>y {h + h' j'^ ) + Op{l) . (3.14) 

Remark 3.2 The condition "Nf is bounded" is satisfied by a large class of distribution functions. 
Based on the remark (3.1) and the equality (3.9), we can deduce that, when f is the density function of the 
standard normal distribution, we have \Nf{e{))\ = 2, and when f is the density of the student distribution with 
freedom greater than 3, Nf is bounded (see appendix). 

Using the estimator /)„ and 0„ of po a-^d respectively and such that the conditions {Di) and {D2) are satisfied, 
with the replacing of the local sequences p„ and On by /5„ and On in (3.12), (3.13) and (3.14) respectively, 
and under the assumptions of proposition (3.1), we obtain the following statement : 

Proposition 3.2 

rf,h,n{Pn,^n) - rf^h,n{Po,Go) = \/n{pn - PoV h + ^/n{0n - h + Op{l) , (3.15) 

qf,h',n{Pn,On) - qf,h',n{PQ,Go) = \/n{pn - Pof' h' K'^ + ^{On - 9q)^ h' J'^ + Op{l) , (3.16) 
VnXh'ipn.en) " Vn,h,h'{pM = y/^{pn " PoV {h K'^ + h'K'^) + V^(^„ - Oof {h + h' j'^ ) + Op{l) , 

= Dh^h,{n) + op{l). (3.17) 

This last result, is a fundamental tool used later for the proof of optimality of the test. 
Consider again the equalities (3.17), we remark that 



(' 



1 , — , , „ 1 



^Pn,Onj = ypo + n ^ Vn{pn - Po) , 00 + n 2 ^(6'„ - 6'o)j, 
with a probability close to 1, the condition (Di) gives the following condition 

sup I (yn{pn - po) , Vn{On - Oq)^ (y\/n{pn - Po) , VniOn - Oo)^ } < +00. 

Since \/n{pn — po) = Op{l) and y/n(9n — Oq) = Op{l), we concluded in a particular case corresponding 
to the equalities K = K' = J = J = 0, that the central sequences Vn,h,h'iPn, Gn) and Vn,h,h'iPo, do) a-re 
equivalent, in a general case the right both side of the last previous equality is not op(l) as n — )• 00, 
so it is not possible to assert the optimality of the constructed test, in order to solve this problem, 
we need to introduce another estimator which is defined and described in the work of (Lounis, 2012, 
Section 1). 



4 Optimal test 

Throughout, we denote by = {pn,6n) the discrete estimate of the unspecified parameter Q' = 
(Pq, 6q), with the use of the results of Lounis (2012), we shall construct another y^-consistency estimate 
0„ of the parameter 0. According to the notations of (Lounis, 2012, Section (1)), we call this estimate 
the modified discrete estimator which is denoted by M.D.E, under a supplementary assumptions, we 
shall prove in the next subsection that with the use of the M.D.E. , it is possible to construct an optimal 
test based on the Neyman- Pearson statistics. 

We now may proceed to the proof of the optimality of the test, we need that the conditions (P.O) (or 
(P'.O)) and (P.l) (or (P'.l) ) are fulfilled, such that : 

1. (p.o) : / 0, 
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2. (P'.O) /O, 

3. (P.l) : 1 ^Wi^M Aci as n ^ oo, 

4. (PM) • C2 as n — )• oo, where ci and C2 are two constantes, such that ci 7^ 
and C2 ^ 0. 

Remark 4.1 - The assumptions {P. Qi), {P'.O), (P.l) and {P' .1) are fixed in (Lounis, 2012, Section 
1) in order to prove the existence and the y/n-consistency of the modified estimator. 
- Sufficient condition was stated for univariate time series model, for more details see (Lounis, 
2012, Lemma 3.1 ). A generalization of this result concerned the AR{m) model is presented in 
the following subsection : 

About a sufficient condition in AR{m) model 
Consider the foUowing AR{m) model : 

m m 

= ^(Pj^i-j) + ^i' wliere \pj\ < 1. (4.1) 

j=i j=i 

It will assumed that the model (4.1) is stationary and ergodic with finite second and fourth mo- 
ments, in this case, and according to the previous notations, we have 

m{pQ,Zi) = 'Y{pjYi_j), , a{9,Zi) = l and = (^pi, . . . , . (4.2) 
i=i 

We denote by pn = (^Pn,i, ■ ■ ■ , Pn,m)' the estimator of the unknown parameter p = i^pi, . . . , Prn^ . 
Another estimator was introduced in (Lounis, 2012, Section 1), its consistency is satisfied under the 
following statement : 

(C.l) 

1 dVn{Pn) P 

— > ci as ?i — )• 00, 

^/n dpj^ 

where ci is some constant no equal to 0. 

]• 

Observe that, in practice, it is difficult to check this last condition, therefore it is possible to give an 
equivalent condition which is easier to establish. According to the previous notations and assumptions, 
we have the following statement : 

Lemma 4.1 gj are i.i.d. standard normal distribution with function density f, Under Hq, we have 

1 dVnipn) 1 dVnipo) 



y/n dpj y/n dpj ^ ' 



Consequence 



This lemma enables us to get an equivalent condition for the consistency of the modified estimator 
of the unknown parameter in AR{m) model, the use of the estimator of the unknown parameter in 
the stated condition (C.l) remains difficult, more precisely , it is possible to calculate this limit with 
the unknown parameter. In this case, the great advantage is that the result depends only on the 
observations, under the condition of ergodicity and stationarity of AR{m) model, it is easy to prove 

that^^ AE(y_,G(Z,)). 

In short, we shall replace in this case, the condition (C.l) by the condition : 
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(CM) 

1 dVnipo) P 

—= — > c\ as n — )• oo, 

yjn dpj 

where ci is some constant no equal to 0. 
Remark that, under Hq, with Op(l) close, the conditions (C.l) and (C'.l), are equivalent. 

Optimality 

We assume that the conditions {A.\) -{AA) are satisfied, now it is obvious from the previous results 
that we can state the following theorem : 

Theorem 4.1 Under LAN and the conditions (P.O), (or {P' .0),) and {P.l) or ({P' .1) ), the asymptotic 
power of Tn under is equal to to 

1 - $(Z(a) -f2). 
Furthermore, Tn is asymptotically optimal. 



5 Generalization in Z 

Our results are established for i G N, doing an extension for i G Z, then, we process the case where 
i G Z". 

Consider the following random variables 3^, Z and e , such that, for all i G Z~, we have 

y-i = Yi , Z^i = Zi, and e_i = ej. 

Clearly, i' = —i € N, therefore we obtain 

yi, = T{Zi>) + V{Zi>)ei-, where i' G N. 

The last time series model is similar to the model (1), by following the same previous reasoning in the 
case corresponding to the model (1), we shall construct a test ^ ^/ which is defined by the following 
equality 

Tnhh' = If^" ■ ' where 



y h,h' J 



n 

= B{e,m]{e,)) , jG{0,l,2} and V'nAh' = Y.K,,,h,h'■ 



6 Simulations 

In order to investigate the performance of the proposed test, we conduct simulations, the considering 
time series models are AR(1) and AR(2). We give simultaneously the power functions with the true 
parameter, the estimated parameter and the estimated parameter by the M.D.E. respectively. The 
power relative for each test estimated upon m = 1000 replicates, all those representations use the 
discretized form of the modified estimate. We devote a big importance about the choice of the functions 
G and S to aim to satisfied the stated conditions. In a sequel, we assume that : e^'s are centred iid and 

eo — > AA(0, 1), in this case, we have 

E(e,) = , E(e?) = l , E(e^) = 3. 
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Example 1 : 

Nonlinear time series contiguous to AR(1) processes 

Consider the sth order (nonlinear) time series 

Yi= pQY,_i+aG{Y{i-l)) + e^ , \po\<l. (6.1) 

It will be assumed that the time series model (6.1) is stationary and ergodic with finite second moments. 
Consider again the problem of testing the null hypothesis (Ho) : a = (linearity of the AR(1) model) 
against the alternative hypothesis (H^) : a = n~2 (nonlinearity of the AR(1) model). The purpose of 
this subsection is to treat this problem of the testing when h = h' = 1, in this case, we have, for all 
integers i, the following equalities : 



Dhh'{n) 



^ Dn = -(y/^{pn-pGV{K'^ + K'^) + y/^{On-e^y{J^ + J'^)), (6.2) 
m{pQ,Zi) = poYi.i , a{e,Zi) = l , Mfia) = -€i , Mfia) = -1 , Nf{ei) = l-el 
^fi^i) = -2ei , = po , i^n = Pn and = ( y^.i, yi_2, • • •, Fj-s, Xj, . . . , Xj.g 



We Choose G : (xi,X2,- ■ ■,Xs,Xs+i,Xs+2, ■ ■ ■,x 



s+q 



6a 



6a 



^, S{-) = and a ^ 0, clearly G{Zq) 



note that this choice of the functions G and S enables us to obey the conditions (A3.1) and 



€i IS 



(^3.2) 

The parameter pQ is estimated by the least square estimate /?„ = "^Ti^ — and the residual 

estimated by ej^„ = Yi — pnYi^i. We have Vn,h,h'{^) = Y17=i i+y'^ ' Then, from the equalities 
(3.10), (3.11), the ergodicity and the stationarity of model (6.1), it follows that : 



'n 



6a ^ _ 



n 



1 1 + 



6a -J^ Yj^i 



n 



J = J' = K' = and K = -6aE 



1 + 



We denote by disrete{pn) the discretization of the least square estimator L.S.E. /5„. Note that from the 
ergodicity and the stationarity of the model (6.1), it follows that the random variable -y^Vn,h,h'{^) 



-6a E 



as n — 7- 00. With the use of (3.17) combined with equality (3.10), it follows that : 

^-1 



Vn,h,h' — Vn,h,h' 



-y/n{disrete{pn) — po)6aE 



l+y^ 



+ op 1 . 



(6.3) 



Under the conditions (P.O) and (-P.1), we have the -y/n-consistency of the modified estimated M.D.E. 
which is noted p„, with : 



+ {disrete{pn)), 



dp 



where the quantity Dn is defined in the equality (6.2), it result that : 



Pn 



y/n[disrete{pn) — po)6aE 

Vn{Pn) 



Y- 



+ {disrete{pn))- 



(6.4) 



11 



For a fixed a = 0.05, the test proposed is r„ = /| "^^^^ > ^{^) Ji with the subsisting the parameter 

Pq in the expressions of the proposed test and the power function 1 — $(Z(q) — t^(/3o)), by it's modified 
estimate pn defined by the equahty (6.4), it result from the theorem (4.1) that the statistic test T„ is 
asymptotically equivalent to T„ and it's power is equal to 1 — ^{Z(a) — T{pn))- 

The true value of the parameter po is fixed at 0.1 and the sample sizes are n = 30, 40, 60 and 80. We 
obtain the following representations : 






We remark that, the power function with true value and the empirical power function with the 
M.D.E. are close as the value n is large. 



Example2 : 

An extension to ARCH processes 

Consider the following time series model with conditional heteroscedasticity 



Y, = poY,_i + a GiY{i - 1)) + ^/l + /35(y(i - 1)) e„ i £ Z. 



(6.5) 



It is assumed that the model (6.5) is ergodic and stationary. We conduct our simulation with the same 
method as the previous case, we define the functions G and S by : 



G . yX\, • • • ) Xg, Xgj^x, Xs-(-2) • • • ) Xgj^q 

Therefore, we obtain the following equalities : 
1 dVn,h,h 



5a 



l + xf 



and 5 



G 



fn dp 
n dp 



5a Yi^i 

~^,T+Yli 

1=1 ' 

5a ^ Yj^i 

~^,l + Yli 

1=1 ' ^ 



+ 



n 



n 



-10a 
n 

-10a 
n 



Yi 



i-l 



1=1 
n 



^ ^i-1 



i=i ^ + ^i-i 



Then we obtain 



J 

K = 



J' = K' = 0, 

Y-i 



-5a E 



l + Y^, 



-Vn{pn - po)h5aE 



1 + F^i 



+ op(l). 



For a fixed a = 0.05, the test proposed is T„ 



) I , with the subsisting the parameter po 



by it's estimator pn in the expressions of the proposed test and the power function 1 — "3>(Z(a)— r^(/9o)), 
we obtain from theorem (4.1) an optimal equivalent test with a power 1 — <I>(Z(a) — T'^{pn)), the 
true value of the parameter po is fixed at 0.1 and the sample sizes are n = 30, 40, 50 and 80. 
We obtain the following representations : 
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Examples :AR(2) model 

Consider the following AR(2) model : 

Yi = piYi^i + P2Yi_2 + ^i, where + |p2| < 1- (6.6) 

It will assumed that the model (6.6) is stationary and ergodic, in this case, we have 

m{po,Zi) = piYi_i+ P2Yi_2, , cr{0,Zi) = l and n^ = {pi,p2). (6.7) 

We choose 

S, G : (xi,X2, ■ ■ ■,Xs,Xs+i,Xs+2, ■ ■ ■,Xs+q^ — > j^^^' where o / 0, clearly, we obtain : 

S{Zo) = G{Zo) 



8a 



1 + + ' 

Note that the choice of the functions G et S enables us to obey the conditions (^3.1) and (^3.2) .We 
denote by 

n = {pi,n, P2,n) the Icast Square estimate of the parameter = {pi,p2) such that : 



Y 



X 



( >o y-x \ 



\ y„_i Yn-2 j 



and 



• • • Yn^2 



Recall that for each i, the residual is estimated by the following random variable 

h,n = Yi — pi^n Yi-l — P2,n Yi-2- 

We have : 



8a A Yi_i 16a A Yi_i 



dVn,h,h 



dp2 



8a Yi^2 
^^l + Yl,+Yl 



16a 



Y^ 



, ^— ~ - P2Yi-2) 



(6.9) 



We obtain : 



1 



8a 



y/n dpi 

1 dVn,h,h 
\/n dp2 



oa X ^ 

n ^1 



Yi 



i-l 



16a 



^ 1 + y.^ -, + y. 



i-2 



lua \ ^ 

n 



Yi 



i-l 



ia Yi-2 16a " 



n 



i-2 



n 



sr^ Yi-2 



3.10) 



3.111 
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then : 



^ dpi ^ " n ^ 1 



i-l 



J, 1 + Yl, + Yl, 
1 dVn,h,h' ,^ \ _ 8a ■A Yi_2 



dp2 



n 



i-2 



16a 


n 

E 

i=l 


I' 


-1 


n 


1 + 


1 -^1-2 


16a 


n 

E 

i=l 




i-2 


n 


1 + 


-1 -'i-2 



3.12) 



3.13) 



Correction with respect the first parameter pi : 

The combinaison of the equahties (6.6) with (6.9) enables us to deduce that 

ej,n - ei = -Yi-l{pn,l - Pl) - Yi_2{Pn,2 " P2)- (6 

From the difference between the equahties (6.12) and (6.10) combined with (6.14), it follows that 

1 dVn,h,h' ^ 1 ^Vn,/x,feVr.M _ 16a , Yj-l 

n 



.14) 



< 



\/n dpi 
16a 



9/01 



-(J].) - —i^in)\ = —\Y. i^Y2~'v^ - 

i=l ^ + U^l + U-2 



Pn,\ - Pl 



n I ^ T 



Y? 



Remark that : 
1 

1 + Yl, + Yl,^ 



< 1 then 



l + Yl, + Yl 



+ 



Pn,2 - P2\ X 



16a 



n I ^ T 



< YC_^ this 



implies that j ^ 



i-2 



Y2 

-'i-l 



3.15) 



<5]y,2_^6.i6) 

(6.17) 



We can also remark that 

n 



i=l «-l «-2 j=i j=i 



3.18) 



From the ergodicity, the stationarity and since the model is with finite second moments, it follows the 
convergence almost surely of the random variables ^ Y^_^ and \ SiLi(^-i + ^-2) t° constants 



ai and aa respectively. The couples ( /3„,i - /Oi, EHi ^i-i ) and ( /3„,2 - P2, f Er=i(^i-i + ^^-2) 



8a v^n 



converge in probability to ^0, 16aai j and ^0, 8aa2 j respectively, it follows from the continuous mapping 

theorem (see for instance van der Vaart (1998)) applied on the product and the sum of the functions 
that 



Pn,i - Pl 



16a I 



2 

i-2 



+ 



Pn,2 - P2 



16a I ^p Yi_iYi_2 



2 

i-2 



0. 



In connection with (6.15), it follows that, asymptotically, the quantities ^^dp/^' (^n) and ^^d'p^^' (^) 
have the same limit ( in probability sense). The random variables -^—^"^^(0.^) and -^^^^^^(17) 



converge to the constants —8a E 



i+yii+y^2 



and — 8aE 



Y- 



(3.10) and (3.11), it follows that : 



E 



Y. 



,E 



i+yjfi+yj^a 



i + y2^ + y22J Li + y^, + y^2 

J = / = 0, and, if'^ = (0, 0) 



respectively. From the equalities 



3.19) 

3.20) 
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In sequel, we denote by the modified estimate obtained after modifying the first component pi^n, 
under the assumptions (P-O) and (P.l), we have the following equalities : 

/^".i = Ti^^^M^ + and Pn,2 = Pn,2, with Dhh'{n)=Dn = -Vn{Cln-i^).{K + K'). 

dpi 

For a fixed a = 0.05, the true value of the parameter {pi,p2)~^ is fixed at (0.2,0.2)^ and the sample 
sizes are n = 30, 40, 50, and 80. 

We represent simultaneously the power test with a true parameter po, with the replace of the true 
parameter by its least square estimator L.S.E pn and the empirical power test which is obtained with 
the subsisting the true value pQ by it's estimate M.D.E. The correction of the estimation is made with 
respect to the first parameter pi. Throughout, we denote by discrete{Qn) the descritized form of the 
estimator we obtain then 

P-'^ = dV„^,^,td^c!^l{n ;:^ + ^".1 /^"'2 = discrete{pn,2), 

dpi 

with Dh^h'in) = Dn = -^/n{discrete{nj -n).{K + K'). 

By the replacing of the parameter by it's estimator Vtn in the expression 2.3, we obtain the following 
sequence of the test Ti^n,h,h', such that : 

Vn,h,h 

'-l,n,h,h' 



ll^^^>Z{u)}, (6.21) 



where 

2 



nl^, = 64a^E(^ ^^^/^^, ^ [h^in,o + h'\ln,2-l) + 2hh'{In,i)\, (6.22) 
and 

= E(e^+') = e((>o - Pn,iY.^ - Pn,2Y-2y^^) , (6.23) 



i = 0,l,2. 

By the replacing of the estimate Qn by it's M.E. 0,^,1 in the expression 2.3, we obtain the following 
sequence of the test Ti^ri,h,h', such that : 



rri J I '^n,h,h 

J^l,n,h,h' = J 

Tlh,h 



\yihhK>Z{u)}, (6.24) 



where 



, 2 

■2 cA „2- 



and 



64a'E(^ ^^^/^^, ^ [/i%o + /i"(42- l) + 2M'(/„,i)], (6.25) 



E(e^+2) = E((yo - Pn,iY^i - discrete{pn,2)Y^2y^^) , (6.26) 

i = 0,l,2. 



we give the representations of the power functions in terms to the value of the constant a, the first 
representation (blue color) corresponded to the power function with the true value of the parameter. 
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AR(2),n^30 AR(2),n::^0 AR|Z),n:5a AR(Z).n^SD 




the second corresponded (green color) to the power function with the least square estimator of the 
parameter and the third (red color) corresponded to the power function with the modified estimator 
M.D.E, then we obtain : 

Correction with respect to p2 
With the same reasoning as the previous case and with the use of the estimate Vln^2, we obtain following 
sequence of the test T2.n,h.h', such that : 

fn,h,h' = /|^^>^(u)|, (6.27) 

where 




7 Proofs of the results 

Throughout we fixe the step {h,h') in the compact set Ki x K2, where hh' 7^ 0. op(l) € M 
as n ^ 00. 

For some demonstrations, we need to prove the following lemma : 

Lemma 7.1 Let a and b are two positive reals and a real greater than 2, then we have 

(a + 6)5 < 2^-\a^ + b^). 
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Proof of the Lemma 7.1. 



The function d : x i — t- is twice differentiable on M, the second derivative function d : ^(^ — l)x^ ^ 
is positive on M+, therefore d : x i — t- x^ is a convex function on M+, then : 

V(a, 6) G M+ X and V(Ai, A2) S [0, 1] x [0, 1] with Ai + A2 = 1, we have (Aia + A26)^ < Xia^ + X2b^, 
By choosing Ai = A2 = ^, we obtain the resuh. 

Proof of the theorem 2.1 

We check the three conditions (C.l), (C.2) and (C.3) of (Hwang and Basawa, 2001, Theorem 1). 



Verification of the condition (C.l) 

Under (Hq), and For i G {1, . . . ,n} and we have : 



9n,i,h,h' — 1 



where 



anA,h = hn 2 



G{Zi) 



and fin,i,h' = 1 + h' n 2 



SjZj) 
cr{9o,Zi) 



Observe that 



9n,i,h,h' - 1 — F{^u Oln,i,h, Pn,i,h') — F{ei] 0, 1) 



By Taylor expansion of the function F{ei ; •, •) around (0, 1), we obtain 

9n,i,hM — 1 



5F(e,; 0,1) , dF{ei- 0,1) ^.Rn,^Xh' 

an,i,h H r/ \ o, [Pn,i,h' - Ij + 



f{ei)da 



f{ei)db 



and, 



Rn,i,h,h' — 2 ['^n,i,h, I3n,i,h' — l] ^"^ ^n,i,h,h' {^u (^n,i,h^ l^n,i,h') [c'n,i,h, Pn,i,h' ~ l] ^ ) 

where, (a* ^ /3* ■ ,j,) G [0, a„,i,h] x [l,Pn,i,h'], and, d'^ An,i,h,h'{- ](Ki,i,h^ Pn,i,h') is the hessian matrix of 

the function F in (• /S*,^,^,). 

Let 

aF(e,; 0,1) ^ ^^XfiLfLll r« n A J^* ^^'i'^'f^' 

L'n,i,h,h' = J/ ^ o_ an,j,h H j/ _ x or, [Pn,i,h' — J-j and K„i h h' 



We have 



Then 



/(ei) da 



dFjej- 0,1) 
9a 



-/(q), and 



f{e^)dh 

dF{ef, 0,1) 



db 



nA,h,h' 



_i 
-n 2 



/(e^)+e^/(e^))■ 
S{Z,) 



cT{eo,z,) 



(7.1) 



We have : 
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gn,i,h,h' - 1 - Un,i,h,h' + Rn,i,h,h'- 

From there exist p > 1, a strictly positive real <f, where ? > max(|a* ^ |/3* ^ ^, — 1|) and a 

positive measurable function with E(y3*'(eo)) < +00 such that 



\K,i,h,h'\ < 1^ {al,i,h + iPn,i,h - '^f + '^an,i,h{i^n,i,h - I)} ^{ei) 



2 

< -^{[an,i,h + iPn,i,h-l)fv{ei)] 

1 r/iG(Zi) + /i'5(Zi)l^ 



< 



2n \ c7(0o, ^i) J 



^ J f G(z,) + g(z,) y 

~ n\ a{9o,Zi) / 



(7.2) 



where, = max(5i^, 62'^), and (5i and ^2 are the diameters of the compact sets Ki and K2 respectively. 
Let u > 1, hy Markov 's inequality, we have for all 7 > 

p {\K,,h,h'\ > 7) = p {\K,i,h,h'r > 7") < nK,i,h,h'r- 

Then by the inequality (7.2), we obtain 



^ {\K,,H,H'\ > 1) < 



G{Z,) +S{Zi) 
(7(60, Zi) 



2u 



It follows from the lemma (7.1), that 



( G{Z,) + S{Zi) V^ ^ (\G{Z,)\ + \S{Z,)\\ 



2v 



< 2 



V a{eo,Zi) J 



G{Zi) 2.^ s{Zi) 2. 



a{6o,Zi 



Therefore by the stationarity, we have 



R 



n,i,h,h' 



>7) < 2'^'''' — — \E 
1 d'' 



1^ G{Z, 



< K2 



2u~-l 



criOo,Zo) 
G{Zo 



2u 



E 



a{eo,Zi) 

S{Zo) 2u 



E 



o"(^o,^o) 



2i/ 



+ E 



+ E 

SiZo 



2u' 



E 



We have 21/ > 2, then there exist A > 0, such that 2i/ = A + 2, we obtain 



P( max 

«£{!„. ..,n} 



K 



nA,h,h' 



>7) < Y.^[\K,,hA>i 



i=l 



< K2 



2v- 



-1 



I GjZo) 2. " I sjZo) 2.-. 
1^ \a{eo,Zo) \c7{6o,Zo) / 



SiZo 



< K2^+iJl^L\yE\- 



G{Z, 



< K2 



A+l 



52 



+ 1 



n2 7 



E 



I ^ lfT(0O,^o) 

5(Zo) |A+2-, 



A+2> 



+ E 



o-(6'o,^o) 



It follows from (^3.1) and (A3. 2) that 
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(maxi6|i„,„,„} l^n,i,/i,h'l) > 7) ^ 



as n — )■ +00. 



So we have 



Now we have to show that 



max 

ie{l,,...,n} 



R 



max 

ie{l„...,n} 



'n,i,h,h' 



Unihh' 



^ op(l). 

Op(l). 



Remark that 



P I max 

^ie{l„...,n} 



n,i,h,h' 



i=l 



2u 



> 7 



2u 



It follows from Markov's inequality that, for all 7 > 0, we have 



P( max 

. «£{!„.. .,«} 



Un,Lh,h' 



>7 < 



1 " I 

' i=l 



,h,h' 



2u 



From the lemma (7.1), we can deduce that 



E 



Un,Lh,h' 



2u 



E 



2u 



G{Z,) 



(^{Oo, Zi) 

Combined this in connection with (7.4), it results that 



2u 



+ E 



Mf{ei)ei + 1 



2u 



SiZi) 



cr{Oo, Zi) 



P I max 

^i6{l„...,n} 



2u 



G{Z,) 



2v 



} 



cF{6Q,Zi) 



+ r^E<^ - > M/- ej + 1 -77— ^\ \ 



< 



X+2 

E 


G(^i) 1 


a{9o,Zi) 





7127-^+^ 'i I 



^+2^ S{Z,) 



A+2 



We can remark after using the lemma (7.1) that 



Mf{ei)ei + 1 



A+2 



< 2 



A+l 



A+2 



+ 2 



A+l 



It follows from (A^^i), (^3.2), (^3.3), (^3.4) and the stationarity of the model that 



max 

ie{l,...,n} 



n,i,hM 



Op{l). 



We deduce from the equalities (7.3) and (7.6) that the condition (CCl) is satisfied. 



19 



Verification of the condition (C2) 
We have 



i=l 



i=l 



i=l 



i=l 



Using the inequaUty (7.2) followed by a simple majoration, we obtain 



i=l 



max 
e{i„...,n} 



R 



'nA,h,h' 



^ ^ I R'n,i,h,h 



1=1 



< max 

«£{!„.. .,7i} 



< max 

ie{l„...,n} 



R. 



'n,i,h.h' 



2n 



n 

i=l 
n 



lG{Z,) + S{Z,) 



R 



'n,i,h,h' 



criOo, Zi) 
G{Z{) 



Let 



n 



(T{9Q,Zi) 



i=l 



and R 



o-(6'o, Zi) 



i=l 



nA.S 



n 



S{Zi) 



a9o, Zi 



We consider the set of the events Qi such that ill = {co, (p{ei) < 1}, it is clear that on the complementary 
Oi'^ of the set ill, we have, for all real p > 1, (p{ei) < V'^(ei) (In this case we choose a value p which 
is corresponded to the condition (Ai i)), therefore : 



I A 



nA.S I 



< 



< 



n 



i=l 
n 



G{Z, 



(j{9o,Zi) 



G{Zi) 



i=l 



cr{9o,Zi) 



G{Zi, 



n 



a{9o, Zi 



G{Zi 



i=l 



\a{9o,Zi) 



where /(•) denotes the indicator function . 
Let 



At 



-E 



G{Zi) 



n 



^ \a{9Q,Zi) 



i=l 



G{Zi 



cr{9o,Zi) 



From the ergodic theorem and (Ai.i) and since the second moments of the model are finite, it results 

that the random variable A* • ^ converges a.s. to some constant ci as n — )• +oo. 

Let 



n ^ 

. 1=1 



S{Zi 



a{9o,Zi 



i=l 



S{Zi, 



a{9o,Zi 



With a same reasoning as A* we can show that the random variable B*-^ converges a.s. to some 
constant C2 as n — t- +oo, therefore the random variable ■ ^ + B* ■ ^ converges to c = ci + C2 a.s. as 
n — )• +00. 

The random vector (^{^n i 5 ~^ -^n i s) ' ™^-^«e{i,,...,n} l-^n i h /I'l) converges in probability to ^c, 0^ . Since 
the function, (x, y) i — t- xy is continuous, it results from continuous mapping theorem (van der Vaart 
(1998)) that 



. max \Rn,i^h,h'\ iK,i,s + K,i,s) 

ie{l,...,n} 



a.s. n — )• oo, 
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which impHes 



h,h' 



i=l 



We have 



'^Un,i,h,h'Rn,i,h,h' ^ \ Un,i,h,h 



Op(l). 



^n,i,h,h' 



i=l 



i=l 

< max 

ie{l,...,n} 



i=l 



< max 

ie{l,...,n} 



Using the same arguments as in the last case and (7.6), we can show that, 

n 

^^Un,i,h,h'R*n,i,h,h> = 0P(1)- 



We have 



^n,i,h,h' — y^ 



-n 2 



cr{Oo, Zi) 



O"(^0,'^i) 



S{Zi) 



cr{9o,Zi) 



«M'i||:M,(.)iM,,.).+ii^5j^|. 



Note that 



E 



rG{Zi)S{Z,h 


< E 


f\G{Zi)S{Zi)U 


I a^{eo,Zi) \ 




I a^{6o,Zi) \ 



< -E 

- 2 



G^Z,) 



a\eo,Zi[ 



S\Zi) 
(T^{Oo,Zi) 



< +00. 



(7.7) 



It follows from the ergodicity and stationarity of the model, that the random variable ^nihh' 
converges a.s. to a positive constant t|^/ as n — t- +oo, where 



^h,h' 



/i^E 



G{Z,) 



+ /i'2e 



[l + e,M^(e,)] 



21 S{Zi) X2 

a{eo,Zi) 



+2hh'E 



[eiM]{e^) + Mf{ei)] 



G{Zi)S{Zi) 
cr{eo,Zi) 



(7.9) 



Let Ij = E(^e^M|(eo)) and Kj = E(^4-^/(eo)) , j G {0, 1, 2}. It results from (^1.2) and (^2.2), that 



^2 
^h,h' 



G{Z^ 



a{eo,ZQ) 



+ /i'2(/2 + 2J^i + l)E 



l^(^J +2/./.(/, + Ko)E(^- 



^G(Zo)g(Zo)\ 



G(Zo 



+ /i'^(/2-l)E 



(^)%,M'(A)e(S|)^). ,7.10) 

Vcj((9o,z^o)/ V (c'o,-2^o) / 



^a(^o,^0) 

It follows from (7.7), (7.8) and (7.10), that the condition (C.2) is satisfied. 
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Verification of the condition (C3) 
Let 



Vn,h,h/(po, ^o) = '^Un,i,h,h'- (7-11) 



i=l 



From {A2.1) and {A2.2), Un^i^h,h' is a J-n centred martingale. In order to prove that the random variable 
Vn,/i,/i'(P0) ^0) converges in distribution to J\f{0,T^f^,) as n — )• +00, we use (Hall and Heyde, 1980, 
Theorem 3.2., Corollaries 3.1., and 3.2,) therefore we check the following conditions : 
- (i) Linderberg condition : for all 7 > 0, 



ti \ [\u„,u.y\>i\ 
(ii) Conditionally variance : 



— 7- U as n — 7- 00. 



X] E(^n,»,h,h'/-^i-i) -^n^ as n ^ 00. 

i=l 

- (iii) Measurability : 

The random variable r/ is measurable on the field 

Verification of the Linderberg condition 

By the conditionally Holder's inequality, there exist v > 1 and p>l, ^ + - = 1 such that : 



where v = \ + ^ and A > 0. Note that from the lemma (7.1), it follows : 

|e,M^(e,) + l)|'+^ < 2i+^(|e,M^(e,)|'+Vl). 

By (^3.4), we have 



E 



e,Mf{ei) + 1)|2+^ < 2i+^E(|e,M/(e,)|'+^) + 2^+^ < +00 



It follows from Markov's conditionally inequality that 



x[■E{\Un,^,h,h'\'+^/J'^~l)}K 
-(2+A) r 

< J^^\B{\Un,i,h,h'\^^''/J'i-l)]- 
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It results from The lemma (7.1) followed by the properties of the conditionally expectation that 

E[|/iMj(ei)- ^ 

i=l ^' 



{|C^n.;>,h'l>7} 



-n 



■E 



o-(6'o,^i) 

(^-t)X;E[|/.'(e.M,(e.) + l)J%f"' 

S{Zi) 2+A 



E 



Af/(eo) 



2+A 



E 



2+A', 

eoM^(eo) + 1) | 



1 

In ^ 



G{Zi) 



2+A 1 " 2+A> 



(7.12) 



Using the inequality (7.12) and from the ergodicity, the stationarity, (^3.1) and (^3.2), it results that 



j = l |^l'^n,h,h'l>7| 

Which implies that the Linderberg condition is satisfied. 
Conditionally variance 



/J^i-i) — )• as n — >■ 00. 



cr{9o, Zi) 



IT, 



+|:E([.'(M,fe)..+i)^]>.-, 



4 = 1 



+2/i/i' ^E ( [Mj(ei)[Mj(ei)Q + 1] 



G(Zi)5(Zi 



o^e^^z,) 



IT 



Using the properties of the conditionally expectation, and since the random variables are independent 
of 

Ti = a{Zj,j < i) and after the application of the ergodic theorem, it follows the convergence of 

'^(Pn,i,h,h'l^i~'^) *° = '^h,h' ^-s- as n 00 (so in Probability). 
Measurability : 

The random variable 77 is a constant, so it is measurable on T-i, therefore we obtain the measurability. 
In summary, by collecting the conditions {i, ) (ii) and (Hi) , we deduce that the random variable 
Vn,/i,/i'(/'0) ^0) converges in distribution to A/'(0, ^,) as n — > +00. It remains to prove that Ylll=i i h h' 
op(l), where 



R 



1 



'n,i,h,h' 



2f{ei 



and. 



Otn,i,h-,{Pn,i,h' - 1) SP' ^n,i,h,h'{^i'^ ^n,i,hi Pn,i,h') Oin,i,h, {Pn,i,h' " 1) 



D2,l{U] <,i,ft, I3n,i,h') ^2,2(ei; <_j_;j, /3* j_;j,) 
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We have 

n 

^*n,i,h,h' 



^ 2f{^) ^ ^^^^^ ' ~ ^> 



i=l 



We have 



i=l 



+ 2^ 0!n,i,h[Pn,i,h' - Ij ^ ^ 2^ an,i,h[Pn,i,h' " Ij 



i=l 



^ ^i,i(ej;<,j,h,/3*i,/j/) 

i=l 



^ ^n,i,hi i"n,iM > 9 
2^ ^777^ «n,i,fc 



2/(e^) 

We have the following decomposition 



n ^ 2/(ei) 



n 2 



n ^ 2/(e,) 



2/(e,) La(0o,^i 



Z)i,i(e,;0,l) r 



1 



< 



h2 - |£'i,i(ei;<,i,/x,/3:M') - ^1,1 (e*; 0,1) 



2/(e^) 



1=1 

/t^ ^ 1^1,1 (e,; 0, 1) I G{Z,) i2 
n ^ 2/(e,) 



G{Zi) 
(7(60, Zi) 



cr[0o, Zi) 



From (j4i.2), there exist a positive function Vi, a strictly positive real <;^', whith 

> max(|a** ^1, 1/3* ^ ^, — 1|) and a measurable positive function (f) such that E(</)(eo)) < +00 such 
that 

-Ci,i(ei;"n,i,/x>/3n,i,h') -^i,ife;0'l) ^ |an,i,/il^i(ei;anti,/i>/5n,j,h'); 



where a;^. ,^ G [0,<,iJ- 

For all integers n > 1, we have 



E 



/,2 " |Z)i,i(e,;<.,,/3:_)-Z)i,i(6,;0,l)| 



{ n E 

1=1 



2/(e^ 



G{Z,) 



o{eQ,Z,)) 



j=i 



G(^.) 

CT(^0,^i)) 



Since a* j ^ is in the interval [0, a„^i^/i], therefore there exist a random sequence of parameter (^n)„>i 
with values in [0, 1] such that 



a 



n,i,h 



Then we obtain 

./j2 " |i?i,i(ei; < , ,,/?*,) -^i,i(ei; 0,1) 



E 



{ n E 



i=l 



2/(ei 



'nOin,i,h- 



G{Zi) ^2-^ ^ ^f;0„E{0(6o)|anM 

i=l 



(T(6'o,^i 



L(t(6'o, Zi 
G{Zi) 3- 
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By Markov's inequality, for all 7 > 0, we have 
./i2 " 1^1,1 (ei;<i,/„/5:,i,ft/)-^i,i(e*; 0,1) 



i=l 



2/(6.) 



G{Zi) 
cr{9o,Zi) 



>7) < -Kh^n^^E 

7 



From the ergodicity and the stationarity of the model and since n 2 — > 0, it results that 

as n — )• +00. 



n 

i=l 

Finally, we get 



\Di,i{ei-,al ,,h^f^li,K') - A,i(6.; 0,1)1 r G{Z,) ^2 p 



a{9o,Zi) 



0(1) 



E 

i=l 



^i,i(ei;<a,/3:a')-^i,i(e.;o,i) 



2/(e.) 



n,i,h 



op(l). (7.13) 



By following the same previous reasoning in the last case, we shall prove that 



R 



(2) 



nA.hM' 



(3) 



R 



(4) 



nA.hM' 



R, 



(5) 

'nA,h,h' 



R. 



(6) 



Let 



R. 



(7) 

'n,i,h,h' 



R. 



(8) 

'•n,i,h,h' 



E 

i=l 
n 

E 

j=i 

n 

E 

1=1 

n 

E 

i=l 

n 

E 

't=i 

n 

E 

j=i 

n 

E 



p2,2(ei;<,i,,„ 


Pn,i,h') 


- ^2,2(ei;0, 1) 








|-Di,2(ej;<,i,/i, 




-Z5i,2(e.;0,l) 




2/(q) 




^i,2(ei;<,i,h, 




-Di,2(ei;0,l) 




2/(ei) 




^2,i(ei;<,i,fe, 




-Z52,i(e.;0,l) 




2/(q) 




^2,i(ei;<i,ft, 




-Z)2,i(e.;0,l) 




Viet) 




^i,2(ei;<,i,h,/ 




-Di,2(e,;0,l) 








^2,i(ei;<,i,,„/ 




-D2,i(e»;0,l) 



(/3n,i,h' - 1)' = op(l), (7.14) 

<^,/^ = Op(l), (7.15) 

(/3n,i,h' - 1)' = op(l), (7.16) 
an,i,h = op(l), 

(fin,i,h' - 1)^ = Op(l)- 



an,i,fc(/3n,i,h' - 1), and (7.17) 



2/(e.) 



an,i,hi(^n,i,h' — 1)- 



From the following inequality 

an,i,hiPn,i,h' - 1) 

It results that 



< 



0?n,i,h + if3n,i,h' — 



\R^^^ I < -V 

\-^n,i,h,h'\ - 9 



1 " Idi,2(q; a* ,/?;.,,) -A,2(q; 0,1) 



i=l 



i"Pi,2(ei; /3;,,,,)-^i,2(6*; 0,1) 

+oY.- 



i=l 



2/(e. 



{Pn,i,h' — 1)^ 



(7.18) 
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It follows from the equalities (7.15) and (7.16) that 



R 



(7) 

n,i,h,h' 



In a similar way, we can show that 



R 



We have 



Rn,i,h,h' — ^ 
i=l i=l 



Op{l). 
Op(l). 

2/(ei) 



(8) 

'n,i,h,h' 



(7.19) 
(7.20) 



+ 2^ ^ttta (Pn,i,/i' - 1) 

i=l 



j=i 

n 

+E 





2/(e.) 




^i,2(ei;<,i,h, 




-Z?i,2(ei;0,l) 












-L»2,i(ei;0,l) 


2/(ei) 



(^n,i,h{Pn,i,h' " 1) 
Oin,i,h{Pn,i,h' — 1) 



with 



nA,h,h' 



^i,i(ei;0,l) 2 
■a 



2 £'2,2(e»;0, 1) _,s^S 

- 2/(6.) + ^ 2/(6.) 

^i,2(ei;0,l)) 



^2,l(e^;0,l) 



+ ^ an,i,fe(/3n,i,h' — 1) — ^'1,// \ 1- ^ an,i.h.(/3n.,j,/i' — 1) „ 

i=l i=l ^J^^ 

From the equalities (7.13), (7.14), (7.19) and (7.20), it results that 

n 

\^ R* < r(^) -U „(7) p(8) . 

/ V ^n,i,h,h' ^ ^n,i,h,h' ^n,i,h,h' ^n,i,h,h' ^n,i,h,h' ^n,i,h,h' ■ 

i=l 

We have 

l?i,i(ei;0,l) = /(6,), Z)i,2(6i;0,l) =D2,i(ei;0,l) = /(6,) + 6,/(6i), 

and 

1^2,2(ei;0,l) = 26,/(6i)+6i2/(ei). 

By simple calculation, it is easy to prove that : 



M/(x) +m;(x). 



By (^2.3) combined with the ergodicity and the stationarity of the model , it results that : 



E 



Z)i,i(6,;0,l) ^2 f{ei) \ G{Z.i) ]2 ^^^.f /(e^ [ ^"(^0 



r 2/(6, 
then 



n^^2f{e,)la{eo,Zi) 



2f{ei)la{eo,Zi) 



as n — 7- 00. 



E 



^i,i(q;0,1) 2 

r 2/(6,) 



^i^^E{M;(6o) + M|(6o)} 



E 



G{Zo) 



as n — >■ 00. 
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By {A2.2) and (^2.5) combined with the ergodicity and the stationarity of the model, it results 
that : 



n ^ 2/(e 



n 



S{Zi 



-a{9o, Zi) 



0, as n —7- 00. 



It follows by (^2.1) and (^2.4) and the ergodicity and the stationarity of the model that : 

i,h' - 1) „ j.^' s' h ^ an,i,/i(/?n,i,h' " 1) 



i=l 



2/(e,) 
^ G{Z,)S{Z.i) 



n ^'a^(eo,Zi) 



Mf{ei)+ei{Mf{ei) + M}{ei)) 



^ M'E(^^^)E hlfieo) + 6o(MH6o) + M|(eo)) 

Consequently, the random variable Ln.i.h,h' ~^ as n — )• +00. 

The random vector [Rl!lh,h' + ^nlh^' + ^nlh^' + ^^^^ n,iA^' , L^,i,h,h 

the function (x, y) 1 — t- x + y is continuous, it results that 

n 



as n — )• 00. 



(0, 0) as n — >■ +00. Since 



Conclusion 

The conditions (C.1),(C.2) and (C.3) are established, from the (Hwang and Basawa, 2001, Theorem 1 
), it follows, under the hypothesis {Hq), that : 



h h' 

^n,h,h' = Vn,h,h'{PO,So) ^ 1" Op(l). 

Proof of the Theorem 2.2 

The proof is similar as the proof of (Hwang and Basawa, 2001, Theorem 3). 

Proof of the Proposition 3.1 

Based on the equations (3.1) and (3.2), we have 

a{eo + n-^t;(") , Zi) e,,„ - (t(0o , Zi) a = 
Then 

m{po + n--2u^''K Zi)-m{po, Zi) a{9o + n--2v^''\ Zi) - a{eo , Zi) 



(7.21) 



m{po + n 2u(") , Zi) - 7?T,(po , ^j) ), 



a{9o + n-h(^) , Zi) 



aieo + n-hi"-) , Zi) 
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By Taylor's expansion with order 1 of the functions p — )• m(p, •) and 9 — t- a{9, •) around po £^iid 6q 
respectively, we obtain the following equalities 



m 
a 



{po + n-^u^^\ Zi)-m{po, Z,) = n~^u^^y)^ d m{pn, Z^f , (7.22) 
{00 + n-^i;(") , Z,) - aiOo , Z,) = da{9n , Zi^ , (7.23) 

n-5(u("))^9m(pn, ^i)^ n~^(w("))^acj(^„,Zi)T 



cj(^o + n-i?;W , Z^) (t(0o + n'SuW , 



e,(7.24) 



The parameters p„ and ^„ are between po and /3„ and a-nd 0„ respectively. 

By Taylor's expansion with order 2 of the function u i — > Mf{u) around combined with the equality 
(7.23), we obtain 

M/(ei,„) Mf{e^) _ a(^o, ^i)M/(ei,„) - ^(^0 + n-h^^\ Z,)Mf{o^ 



a{9o + n-^v('^) , Zi) (^{^o, Zi) a{9o, Zi)a{9o + n-^i'') , Zi) 

aiOo, Zi)Mf{l,^n) - k(^o , Zi) + n--2{v^^)y da{9n , Z,)^]M;(ei) 



(7(^0, Z,)a(eo + ri-5t;W,Zi) 
My(eV)-Mj(e,) n"^(t;("))^ 9cT(g„, ZQ^ 



a{eo + n-5t;W , Zi) a{eo + , Z,)<t(0o , Z^) 

{ij^n - ei)Mf{€i) ^ (Q.n. - eifMfjei^n) 



a{9o + n-^u(") , Zj) 2a{9o + n-^yW , Z^) 
n-^v^^Yda{en, Z,y 



a{9o + n-h(^) , Zi)a{Oo, Zi] 



Mf{e 



(7.25) 



where ej^„ is between et ii^n- 

By a difference between the equalities (3.6) and (3.3), it follows that 

rf,h,n-rf,h,n = -n ' h }^[— L-^^-—— - --^_]G(Z,). 

~[ a{9o + n"2i;{") , Zi) cr(^o, ^ij 

Using the equality (7.25), we obtain : 

^/,/i,n — ^/,/i,n = In,h,l + In,h,2 + In,h,3- 

With 

-'n,/i,i = -n 2 ft, > ^-^i- G{Zi), (7.26) 

^(T(^o + r^-2^;("), Z,) 

In,h,2 = -n-UV ~ ^ My(6\„)G(Z,), (7.27) 

^ r 1 ^ (»)T9a(4, Z,)^ 

and In,h,3 = -h}^ TV" Mf{ei)G{Zi). (7.28) 

^ ^a(^o+n-2^;H,ZOa(0o,^^) 

A/^ow; w;e proceed to evaluate the terms In,h,ij In,h,2 ^^^^ In,h,3, c-ll the limits are calculated under the 
hypothesis (Hq). 



28 



Evaluation of the term In,h,i 

We have 



-n 2 



+ n 2 



_i 
n 2 



- ei)M/(ei) 
^ (ei,n - ei)M/(ei) 



^ cr(6'o,,Zi) 
(ei,n - ej)M/(ej) 



^ cr(6'o,,2'i) 



G{Zi) 



n 



n 

-i'-El^ 



_1 

n 2 



"E 



^ a{eo , Zi) + n-3i;W , Zi 

(ei,n - ei)Mf{ei) 



-] {ei,n-e^)Mf{e,)G{Z,) 



^ cr(6'o,,^i) 



G{Zi) 



jd) , j(2) 



From the equahty (7.23), we have 

n 

-"Ei^ 



r(l) 



i=l 



a{6o , Zi) ^(^0^ + n-^uW , Zi) 



]{ei,n-e^)Mf{ei)G{Z,) 



1 " 
n ^ 



^ cj((9o + n-2 Zi) cr(6'o , Zi) 



Using the equahty (7.24), we obtain 



^nli = n"Ui V Aieo,Pn,en,Z,)Mf{ei) '^J-^'l +n-hh- V 3(90,6^, Z,) e,Mf{e^ ^^^"^ 



with 



(y{0o , Zi 

{v(^^)^ da{en,Ziy {u(^^)^ dmjpn, Zi)^ 
a{eo + n-ivi"), Zi) a{eo + n-^uW , Z,) 



a {00 , Zi 



and 



B{0o, On, Zi) 



{v(^Yda{en,Z,y 



a{eo + n~2vi^), Zi) 



(7.29) 



(7.30) 



The parameters pn and On are into the convex segments [po-,Pn] of and [9Q,6n] of respectively, 
then there exist for all integers n, a sequence ( Sn,tn) with values in [0, 1] x [0, 1], such that 



It result that 



and, 



Pn = SnPO + i'f - Sn) Pn and, On = tnOo + {1 - tn) On- 
\\Pn-Po\\i < {I - Sn)\\Pn - PoWe < \\Pn - PoWi, 
ll^n — 6*011^ < (1 — in)||^n — ^ollp < ll^n — ^ollp- 



(7.31) 
(7.32) 



29 



By applying Cauchy -Schwartz's inequality on each term of the product (7.29) and doing a majoration, 
we obtain 



\Aieo,Pn,en,z^)\ < 



1 

< - 
- 2 



Xv^-')\\p\\dai9n,Zi)\\p 
aiOo + n-^vi''), Zi) 



+ 



9o + ?l-5t;W, Zi) 



It results that 



1 " 

I- A{eo,Pn,On,Zi)Mf{ei 



i=l 



G{Z,) 
cr{9o , Zi) 



< 



+ 



1 y.r ||C^(-))||p||acT(gn,^0||, 

a(0o + n-57;W, Z,) 
(n("))|H|5m(p„, Zi)||, 



2n 



2n ^ L 



9o + n~2vM , Zi) 



'\Mf{e 



G{Z,) 
o-(6'o , Zi) 



(7.33) 



Since that for all x, we have 



\\dm{p,x)\U < V^maxl^^^^l, 
l<i<£ Opi 

da(9,x) 

and, ||d(j(6',3;)||p < ^ max | — — 1. 

i<i<p ooj 

Therefore, it follows from the inequalities (7.31), (7.32), (7.33) and the conditions (^44,1), that 
There exist two closed balls Bi^n = -Si,n( Po, fi,n ) C int{Si) and 



(7.34) 
(7.35) 



B2,n = B2^n{9o,r2^n) C int{Q2) where ri^„ > r„ and r2,„, > and a positive function Ni^n, such that 
i?( sup„>;^[A''i.„(Zo)] ) < 00, where // > , such that 



-j2A{eo,PnJn,Z,)Mfie,)-^^^\ < max(Ap). sup[(t("))''(t("))] 



n 



i=l 



cr{Oo , Zi) 



if;(sup[iVi,„(Z,)])^ Mf{e^)-§^^ 

" CT(fo , Zjj 



n ^ n>l 
1=1 



Note that the quantity E\Mf{eo) ) (suPn> 1 [^i,n ( ^0 ) ] ) ^ | < +00, 

In fact, by Holder's inequality, we have 

^1^/(^0) , (sup[iVi,„(Zo)])^' 



< 



^■(^0 1 Zo) „>i 
{i^|M/(^o)^^|^+n^{ii^(sup[iV,„(Zo)])^n- 



< {E\Mf{eo)\^^'}'^'[E\- 



i^f^. G{Zo) 



(^0 > -^0) 



V+^|i?(sup[iVi,„(Zo)])2*|V 

J n>l J 



(7.36) 



Since that -^p^ + 1 = 1) then t = 1 + then 2t = 2 + p, the conditions (^43.1), (A3. 5) and (A4.1) 
enable us to conclude that, S|Mj-(eo)^^^^^(sup„>]^[iVi^ri(^o)])^| < +00. 
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It follows from the stationarity and the ergodicity of model that the random variable 
^EiLi l^^/(^») ^(go^z.) (suPn>i[^i,n(^i)])^| converges a.s. to the constant 

E\ Mf (eo ) g-(eo^'zo) (^^Pn> i [-^i." (-^o )] )^ I as n — t- +oo. From (3.1) and the inequality (7.36), it results 
that : 

n--2h - V A{eo,Pn, On, Zi) Mf{ei) = op{l). (7.37) 

n ^ cr(6'o , Zi) 

By following the same previous reasoning in the last case and changing (^3.5) by (As.g), we shall prove 
that 

ft r ii(^("))||p||acT(6^„,z,)||p ]2 1 " , G(^.) ... 

\B(dQ,Qri,Zi)\< ^- ^— , and n ^h- } B{eo,dn,Zi)eiMf{ei)—- — = op(l). 

■ --- -1'"^ ^ o-(6'o,^i) 



CT(0O + ra-2uW, Zi) 



From the equalities (7.37) and (7.38), we deduce that 



(7.3J 



4ii = (7.39) 



(2) 



Using the equality (7.24), the expression ^ can also be written 



'-''^'^ - h -(^0 , z,) 

^ ^ (j(^o + n-^uW , Zi) f^(^o , Zi) 



1 (^;("))^5a(6*„, ZO^ eiM/(ei)G(Z,) 



c7(6'o + n-5?;W , Zi) <y{OQ,Zi) 
We have the following decomposition : 

^ 1 A (n("))"i"am(p„, Zi)T M/(e,)G(Zi) ^ ^ 1 " (nW)^ 5m(p„, Zi)^ Af^(ei) G(Zi) 



Tl (T{eo + n-5?;{«) , Zi) cr(6'o , ^i) 



n ^ 

1=1 

1 " 

+ ^-E 



n 

4 = 1 



-'n,/i,l - ' „ 

4 = 1 
1 " 

- ^-E 



n . 

1=1 



(t((9o + n~3t;(") 


, ^0 


cr{Oo , Zi) 


(^^(n)-jT Qjyii^p^^ 




Ai'/(ei)G(Z,) 


criOo , Zi) 




o-(6'o , ^i) 


(nW)T5m(p„, 




Mf{ei)G{Z,) 


o"(^o , Zi) 




cr{6o , Zi) 


^nSv where 
(n("))Tam(p„, 




M/(ei)G(Zi) 


O-(0O + 


, z,) 


cr{do , Zi) 


(•y(n)^T Qjyil^p^^ 


z,y 


Mf{ei)G{Z,) 


o"(6'o , Zi) 




cr{Oo , Zi) 




z^y 


M/(ei)G(Z,) 



"''^'i " n ^ a(0o , Zi) a{eo , Z, 

1=1 
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And 



7-(2,3) 



r(2,4) 



^ 1 {v(^^yda{6n, ZiY e^Mf{ei)G{Zi) 



n ^ 

i=l 

1 " 



i=l 



i=l 

1 " 
n ^ 

i=l 

1 " 

n ^-^ 



a{0Q + n"^t,(") 






(w("))"^9fj(^„,, 


ZiV 


e,Mf{ei)G{Z,) 










z,y 




cr{0o , Zi) 










eiM/(ei)G(Zi) 






o-(6'o , Zi) 




z^V 


eiMf{ei)G{Zi) 


o-(6'o , Zi) 




cr{do , Zi) 




ZiY 


e,Mf{ei)G{Zi) 



i=l 



(y{Oo , Zi) 



cr(Oo , Zi] 



We have then 



.(2) _ .(2,1) , A2,2) .(2,3) .(2,4) 
^n,h,l ~ -'n,h,l "I" -"n,/!,! "T -'n,h,l "I" -'n,/i,l- 



We evaluate the terms , Inh\^ ^nh \ ^nhi- From (7.23) the expression can also be 

written 



r(2,4) 



r(2,i) 



(2,1) 



n,h.l 



-n 2 



By Cauchy -Schwartz's inequality, we obtain 
Av^^'^)'^ da{9n.Zi)'^ {u^^Ydmipn, Zi)'^ 



a{eo , Zi) a{0o , Zi)' 



a{do + n-3t;("), Zi) o-(6'o, ^i) 



^a{en,Zi)\\p _ („) ||(9m(p„, Z,)||£ 



cJ(^o + ?^"2^;("), Zi) 



o-(0o, ^i) 



^<j{On,Zi) 



+ - 



1 



cj(eo + ra"2u("), Zi) 
m{pn, Zi)\\i^2 



<isup[(r('^))"'(rW)][{ 
^m(p„, Zi)\\n2- 



'ct(^„,Z,)||p 



o-(6lo + n"2i;W, Zi 



+ 



a{9o,Zi 



Then, we obtain 



< n-i|/.|sup[(rW)^(r("))]iX]|-J^MK6.)|(sup[iVi,„(Z,)])^ 



n>l 



(7.40) 
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Using the inequality (7.31), (7.32), (7.34), (7.35), (7.40) and from (A3.1), (^4.1), (^3.5), (3.1) and the 
ergodic theorem, it results that 

= op{l). (7.41) 
With a same reasoning and changing (^3.5) by (^a.e), we shall prove that : 

& = op{l). (7.42) 
It remains to evaluate the terms I^'f^\ and 

.(2,2) ^ 1 (7xW)^am(pn, Z,)^ M f{e^) GjZi) 
"''^•^ n ^ a{9o , Z,) aiOo , Z^) ' 

By Taylor's expansion with order 2 of the functions p — )• m(p, •) and 9 — )■ a{9, •) around po ^•iid ^0 
respectively, we obtain the following equalities 

n-5(nW)T5m(p„, Z,)^ = n-5(u("))^ 9m(po, + ^'^"^(^^"^)^ 5^ m(;5„, Z,)n-i(n(")), (7.43) 
n-h{v'^^)Y da{9n, ZiY = n's (wW)^ 5 ^(^o, ^i)^ + ^n~^ (t;^"))^^^ ^(l„, ZOn's (t;(")), (7.44) 

~ ~ (2 2) 

where p„ and ^„ are between pQ and p„ and 9q and ^„ respectively. From (7.43), the expression ^ 
can also be written 

r(2,2) _ ^ 1 ^(uW)^am(po, ^O^M/(ei)G'(Zi) 



~^ '^(^0, Zi) a{9o, Zi) 



2"" ' n ^ f7(^o, Z,) a{9o,Z,) 

_ .(2,2,1) .(2,2,2) 
~ ^n,h,l -'n,h,l • 

We consider the following term 
,(2,2,2) _ h _i 1 ^ (u("))^a^m(^„, Z0(uW)M;(6,)G(Z0 

"''^'^ "2^ a(^o,^.) ^(^0,^0 ' ^ 

For fall integers i, we have 



(nW)^a2m(^„,Z,)(nW) = ^ ^'"l^^-^-^ (n,W)%^ ^^f%^(n,("))(n/")). (7.46) 



We have the following inequalities 

(nfe("))(n/")) < |nfc("))(n,-W)| 

< i[(^fc^"^)' + ("/"^) 



2' 

< (7.47) 



33 



Using the inequality (7.47), we obtain 



(n("))^a2m(^„, < max 

i<i,j<e 



< max 

i<k,j<i 



< max 



d'^m{pn,Zi) 



dpkdpj 



dpkdpj 
d'^ m{pn, Zi) 



\u 



(n)||2 



dpkdpj 



+ i 



sup[(r(")) (r("))]. 



(7 



With a same reasoning as (7.31) and (7.32), we shall prove that 

\\pn-po\\e < llPn-Poll^- 
ll^n — ^ollp < 11^71 — ^ollp- 



(7.49) 
(7.50) 



The inequality (7.48) associated with (7.49), (7.50), (A3. i), (A3. 5), (^4.4), (3.1) and the ergodicity and 
the stationarity of the model implies that, when n — t- +00, we obtain 



r(2,2,2) 



(2 2 1) 

It remains to treat the term „ ^ , such that 



Op(l). 



7(2,2,1) 

We have for all integers i 



^ 1 " (^W)Tgm(po, Z,y Mf{ei)G{Zi) 
11. 



i=l 



a{eo, Zi) a{9o,Zi) 



(7.51) 



{u(^Ydm{po, Zi) 



(„) dm{po, Zi) 



dpj 



We obtain 



(2,2,1) 
n,h,l 



^1 " (nW)^am(po, Zi)-^ Mf{e,)G{Zi) 



1=1 



a{9o , Zi 



a {60 , Zi 



h- api Mf{ei)G[Zi) 

n ^ a{eo , Zi) aiOo , Zi) 

(n) 1 dpi Mf[ei)G[Zi) 



T n „,(") dm(pQ,Z,) 

1 "-e. an. 



+ h-y] 

n ^ 



Mf{ei)G{Zi) 



^ a{6Q , Zi) a{9o , Zi 



1 n^a(eo,^^) a{9o,Zi) 

It follows from (A3.1), (A3. 5) and (A4.3) that 
For all j E {1, . . . , and as n — )■ +00, we have 



+ ■ ■ ■ + hu 



(n) 



n dm{po,Zi) 



n 



^ ap, M/(e,)G(Z,) 



1 



n 



„ dm{po, Zj) 



dm(po, Zq) 



E 



^7^My(6,)G(Z0 a.., jg,r Mfieo)GiZo) 



^ cj(6lo , ^j) cr{9o , ^i) 



o-((9o , Zq) a{9o , Zq) 



Therefore, there exist for all j G {1, ...,£} a random variable Ej^n, where Ej^n converges a.s to as 
n — )• +00, such that 



„ dm{po,Zi) . , ^ , ^ 

1 A 0,; ' M,{(i)a(Zi) 



~[ o"(^o , Zi) a{9o , Zi) 



Kj + Ej^n- 
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So 



u 



(n) 



-E 



^PJ ^^^M) G{Zi) _ in) in) 

— Uj J\j -t- a- rjj^r. 



We have 



Therefore 



It results that 



n ^ cj(6'o , Zi) a{9o , Z,) 



oo. 
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(2,2,1) 
n,/i,l 



Op(l). 

/i(n("yK^ + op(l), 



(7.52) 



with 



E 



dm{po,Zo) . ^ s 
dPj Mf{€o)G{Zo) 



la{eo , Zo) a{6o , Zq) 



It fohows from the equahties (7.51) and (7.52) that 

r(2,2) 



= h{u'^-))'K-^ + op{l). 



(7.53) 



It remain to process the term 

With a similar method, we shall give a similar inequality as (7.48), therefore we obtain 



(?;W)^92c7(^„, Z,)(i;("^) < max 

i<fc,i<p 



d^aih, Zi) 






I 2 J 



sup[(r(")) (r("))] 



(7.54) 



By changing (7.43), (7.48) and (^35) by (7.44), (7.54) and (^30) respectively and using the same 

r(2,2) 



reasoning as the term ( , we obtain the following equation : 

where = (Ji, Jp), 



and Jl. 



E 



'-^§^eoMf{eo)G{Zo) 
a{9o , Zq) cr(6'o , Zq) 



(7.55) 
(7.56) 

(7.57) 



In summary, we have 



T _ r(l) , 7-(2) 

J'n,h,l — ^n,hA ^n,h.l- 



r 



(2) _ r(2,l) , .(2,2) .(2,3) .(2,4) 



It follows from the equalities (7.39), (7.41), (7.42), (7.53) and (7.55), that : 

In,h,i = /i(n("))TKT + /i(i;("))Tj^ + op(l). 



(7.58) 
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Evaluation of the term In,h;3 

From the equahty (7.44), we obtain 



In,h', 



where I^^^ 



" ^{^0 + n-2 , Zi) f^(^o , Z, 

~ ^n,h,3 ^ -'n,/i,3' 



and 6n. is between and 9n. 
We have 



It follows from (3.1), (7.49), (7.50) , (7.54), (A^^i), (A3, 3), (^4,4) and the ergodicity and the stationarity 
that, when n — )• +00, we obtain 

= (7.59) 
With the use of Taylor's expansion with order 1 of the function a{9, •) around Bq, we have 



a{eo + n-h('^\ Zi) cr{do,Zi) 

^ ^(j(^0 + ri~2-i;W, Zi) <T(^o,^i) 



^ ~[ ^i^o, Zi) a{do , Zi) 



1 ^^ {vin))^da{eo,Z,)^ , G(Z,) 



- ^ E \- ' , - (-("^)^ 5a(^o, ^.)^M,(6.) 

^ ^ ^^(6*0 + n-2 7;W , Zi) o"(6'o, Zi)\ aiOo , Z, 



~^ '^(^0, Zi) a{do , Zi) 



1 ^ (t;("))^aa(^~„, ZQ^ (^W)^9a(go, Z,)^ ^^^ . . G{Z,) 



" ~^ '^(^0, Zi) a{9o , Zi 

.(1,1) .(1,2) 
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By Cauchy-Schwartz's inequality followed by the use of (3.1), (7.31), (7.32) , (^3.1), (A^^^), (A4.1) and 
the ergodicity and the stationarity of the model, we shall to prove that 

,(1,1) _ _ _i 1 , ^ (^W)^aa(4, (^("))^aa(go, , , G{Z,) 

= op(l). (7.60) 
(1 2) 

It remains to evaluate the term 3, where 

.(1,2) _ 1 " (»)^aa(go,Z.)^ G{Z,) 



(2 2) 

Using the same reasoning applied on the term ^ "^ith changing the condition (^3.5) by (A3. 3) and 
using {A2.1), we shall prove that 

4!S = M>^)^Q^ + op(i) 

= op{l), (7.61) 

such that for all j G {1, ...,]?}, we have 

= {Qi, ■, ■, Qp), 



Qj =E 



dcr(eo,Zo) , . , s 

0% Mf{eo)G{Zo) 
a{9o , Zq) a{9Q , Zq) 



0. 



In summary 

From the equalities (7.59), (7.60) and (7.61), we deduce that 



/n,M = op{l). (7.62) 



Evaluation of the term /„ ^ 2 

We have 



In,K2 = -n-"^^Y.{ei,n-eifMf{ii) ^^^'^ 



c7(0o + ?^"2^'("), Zi) 



i=l 
n 



^ 9 5^(ei,n - eifMfieln) 



'2 

i=l 



a(^o + "-"^r;("), Zi) 



-n-i^ -e,,)2M,(l,:) ^^^^^ 



-n 2 

2 

i=l 

h 



■ n 2 



^ E(^~^.- - G{Z,)[- p— - --— ] 

2^ (j(^o + Z,) f^(^o^i) 



j(l) , j(2) 
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where 



r{2) -- 



i=l 

h 



^2 E(^V-e.)'M/Kn)G(Z,)[ 

i=l 



cj(6'o + n-5?;{"), Zi) (^(GoZi) 



From (7.24) and after majoration and the use of the Cauchy Schwartz's inequahty, it results that : 

9m(p„, Z,)||, -|2 ^ 2 („) 2 r J 



^ lii„,„,||2f |Vl||„c.)||2| lia^C^.. p,3) 

Then 



1|M 1 V||,(n)||2 r \\da{9r.,Z,)\\, -(2 , G(Z.) 



+77, 2 



'-o-((9o + n"^t;(") , Zj)'' * cr{eo, Zi 

Since the second derivative Mj is bounded, then there exist a positive real such that 
Vx G M, we have 

\Mf{x)\ < ^. (7.64) 

It follows that 

14^) I < ^n-i|/.|[sup[(rW)^(rW)]rly| V \^^.\ 

From (3.1), (7.31), (7.32), (A3.1), (A3. 7), (A4.1) and the ergodic theorem, it follows asymptotically that 

4I2 = op{l). (7.65) 

(2) 

It remains to evaluate the term I^i^2' 

By Taylor's expansion with order 1 of the function cr(0, •) around 9q, the expression /j 2 '-'^ 



written 



.(2) _ 1 " (^W)T9a(g„zO^ ^2,W?^ 
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From the inequalities (7.63) and (7.64) followed by Caucliy -Schwartz inequality and a simple majora- 
tion, we obtain 



l-'n,/i,2l — 



1 1 " 

-m [sup[(r("))'"(r("))]i[-J]{ 



n n 
n 



m{pn,Z,)\U Y G{Z,) (>))Taa(g„, ZQT 



< 



G(Z,) 



daiOn, Zi) 



1 '^o-(6io + n"5?;W , Zj)-" * o-(6'o, ^i) o-(6io + n"^vW , 



[sup[(r("))^(rW)]f [-5^1 

«=i 



i?n(p„, Z,)||^ -13, G{Zi) 



-Ti ^a{9Q + n—2v^^) , Zi) 



G{Zi) 



J 'ct(0o 



, ^*) 



From (7.31), (7.32), (3.1), (^3,1), (A3. 7), (^4,2), and the ergodicity of the model, it follows that 



r(2) 



Op(l). 



From the equalities (7.65) and (7.66), we deduce that 

In,h,2 = opil). 
In summary, we have the following equalities 



(7.66) 



(7.67) 



ff,h,n — ^f,h,n — In,h,l + In,h,2 + -^n,/i,3; 

/n,M = /i(n("))^K"^ + /i(^;("))^J^+op(l), 

In,h,'2 = OJ'(l)' 

In,h,3 = Op{l). 



We deduce that 



rf,h,n - rf^h,r. 



h {u^'^'^Yk'^ + h (u^'^))^ + op(l). 



(7.68) 



In order to evaluate the term qf^h',n ~ Qf,h',ni we consider the difference between the equations (3.7) et 
(3.4), then we obtain 



qf,h\n-qf,h',n = -n 2h 2^[— ry— — - -77-^]*^(^i)- 

^ a{eo + n'^vi"-) , Zi) o^l^o, A) 



Using the same reasoning that (7.25), it results that 

Nf{e^,n) Nfiei) _ Nf{e^,n) - Nf{e^) n'i (t;("))^ 9 a(^„, Z^)"^ 



aiOo + n-^u(") , Z,) f^(^o, ^i) a(6'o + n-^vW , Z^) cr(6'o + n'^vi"-) , Zi)c7(6lo , Zi) 



Nf{e^) 



{ei,n - ei)Nf{ei) ^ (ei,„ - ei)'^Nf{ii) 



(7(00 + n-^v(") , Zi) 2cj(6'o + n-i?;(") , Zj) 
n"i(t;("))Taa(g^, Z,)T 
(j(0o + n-5t;W, ZOa(eo, ^*) ^ ' 

(7.69) 
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Hence 



with 



T> 

^n,h',l 
T' 



-'■n,h'3 



Qf,h',n - Qf,h',n - I'n,h',l + ^n,/i',2 + -^n,/i',3' 



-n 2 



_i 
-n 2 



1 u, 



n 



1 2cj(6'o +7i"5t;W , Zi) 



f^^ a{eo + n- 2vi^) , Z,)a{eo, Zi) 



S{Z,), 
Nf{e~i)S{Zi), 
Nf{ei)S{Zi). 



(7.70) 
(7.71) 
(7.72) 



Evaluation of the term I'^ ^, ^ 

Firstly, from (3.9), we remark that 

\Nf{x)\ < \Mf{x)\ + \xMf{x)\. 



(7.73) 



It results from the application of the Lemma (7.1) on the inequality (7.73) and the use of the conditions 
(^3,3) and (A3.6), that 
- (4.5) ■■ 

There exist A > such that : E|7V/(eo)|^+^ < +00. 
We have from the equality (3.9), the following equality 

xNf{x) = xMf{x) + x"^ Mf{x). 

By applying on this last equality the Lemma (7.1) combined with the conditions (^3,4) and (^3.3), we 
deduce that 

A+2 

(A3 g) : There existe A > 0, such that : E epA^f (eo) < +00. By changing respectively {A31), (A3. 5) 

and (A3.6) by (A3. 2), (A3 5) and (Agg) and with applying on the expression I'^f^, ^ the same previous 
reasoning applied on the expression In hii we shall prove that 



lUi = h'{n^-YK'^ + h'{v^'''>Vj'^ + op{l), 



such that 



K' 



/T 



E 



dmipo, Zn) 

Ifp; " Nf{eo)S{Zo) 



J' 



/T 



a{9o , Zo) a{eo , Zq) 



E 



d0k (^oNf{eo) S{Zo) 



ia{9o, Zo) a{9o, Zq) 



Evaluation of the term I'^ ^, 2 



In this case, the condition (7.64) is replaced by the following condition : 

|iV^(x)| < 



(7.74) 
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where is strictly positive real. 

By changing (A3.1) by (^3.2) and with applying on the expression ^, 2 the same previous reasoning 
applied on the expression In,h,2, we shall prove that 

I'n,h',2 = op{l). (7.75) 

Evaluation of the I'^ ^, 3 

From the definition of the function Nj, and using the condition {A2.2), we obtain the following 
condition :{A2 i) : E{A^j(eo)} = 0. By changing respectively {A2.1) by {A2 i) and with applying on 
the expression ^, 3 the same previous reasoning applied on the expression In,h,3j we shall prove that 

I'n,h',3 = op{l). (7.76) 
In summary It follows from the equalities (7.74), (7.75) and (7.76) 

qf,h',n-qf,h',n = h'iu^'^YK'^ + h'{v(^^yj'^ + opil). (7.77) 
Hence the proposition is established. 

Proof of the Proposition 3.2 

The proof of proposition 3.2 is a consequence of the works of Le Cam (1960) and Kreiss (1987). The 
interested reader can refer to in (Kreiss, 1987, Lemma (4.4)) for more details. 

Proof of the Theorem 

Consider again the equality 

Vn,h,h'-Vn,h,h' = V^{pn-poV{hK^ + h'K'^) + V^{en-9oy{hJ^ + h'j'^) + Op{l). (7.78) 
and let 



Dn,h,h' = -[V^iPn-poVihK^ +h'K'^) + V^ien-eo)'^ihJ^ +h'j'^: 

clearly, \Dn^h,h'\ = Op{l), in fact by applying the Cauchy Schwartz inequality combined with the 
triangle inequality, it follows that : 

\Dn,h,h'\ < V^Wpn - P0\U\\hK^ + h'K'^lU + V^Pn " Oo\\p\\h j'^ + h' 

Since the estimates pn and 9^ are consistent, it follows that Dn^h,h' = Op{l), therefore the equality 
(7.78) can also rewritten 

Vn,h,h' - Vn,h,h' = -Dn,h,h' + Op{l). (7.79) 

From the assumption (P.O), there exists another estimate Cln = O.n'''" ) of the unknown parameter Q 
such that 

Vn,h,h'{nn) =Vn,h,h' + Op{l). (7.80) 

Under a additional assumptions (P-l), f^n is -y/n-root consistent , see (Lounis, 2012, Subsection 1.2) 
The equality (7.80), enables us to deduce that, with op(l) close, the replacing in the expression (2.3) 
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of the test of the central sequence Vn,h,h'{^) by the estimate central sequence Vn,h.h'{^n''^"^) has no 
effect. 

From the continuity of the function t^(-, •) and the convergence in probability of the random sequence 

(1 7 ) 

iln to the unknown parameter Q, it follows that under the hypothesis Hq and under contiguous 
alternatives, we get 

rh,h'{pn,9n) J ^rhA,{p,e) J 

The two sequences of tests f„ = > ^(^)} and r„ = /| e)^ ^ ^(^)} ^re locally 

and asymptotically equivalent, hence the optimality of the test. The asymptotic power of this test is 
equal to 1 — ^{Z{a) — T'^{pn)), see (Hwang and Basawa, 2001, Theorem 3). 

Remark 7.1 We can also get the optimality of the test when we replace the estimate (fin '"'"^) by the 
(Qn'^"^) in this previous proof. 

Conclusion 7.1 On a basis of the discrete estimates and for each step n, we have modified one com- 
ponent of our estimate in order to absorb the error, this new estimate was constructed on the tangent 
space of the discrete estimate in each step n, so the introduction of this kind of estimate has enabled 
us to get the optimality of the test which is based on the Neyman- Pears on statistic when we replace in 
the expression of this statistic the unknown parameter by the M.D.E. 

In practise, we shall obtain a good M.D.E. when the errors \\pn — Po\\i o,nd ||0n — ^ollp o'^e ^esi estimated, 
in this case , we shall used the bootstrap methods. 

Proof of the Lemma (4.1] 

For the AR(m) model, the expression of the central sequence is given by : 



V„(/9o 



-—Y^Mf{ei)G{Y{i-l)) -—Y^Nf{ei)S{Y{i-l)), where Nf{ei) = l + eiMf{ei). 
i=i i=i 



In order to evaluate the difference between the two partial derivatives central sequences, we calculate 
the derivative with respect to the component pj, then we obtain : 

dei 

For each integer i G {!,••• we have : — — = —Yi^j, Mf{ei) = —1, and Nf{ei) = —2ei, 

opj 

With a simple calculation, we shall prove that : 

and, (7.82) 

- v|:^M.(^..»)«(-.)-i|:^A',(..,.)5(z.). (T,83) 
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From the difference between the equahties (7.83) and (7.81), it follows that : 



1 dVn{p) 1 dVn{Pn) 



1 f9{ei^n) 



i/n dpj y/n dpj 
Nf{h,n)-^Nf{ei))s{Z,), 



^E(tf^M,(M-t^M„.,)c(Z,, 

1 = 1 ■' 



dpj 



n 



^(ei,n - ei)Yi_jS{Zi). 



i=l 



From the equalities the previous equalities, it follows that : 



1 dVn{p) 1 dVn{Pn) 



Vn dpj ^ dpj 



{pi,n - Pi) X —y^Yi_iYi_,S{Z,) 



(7.84) 



(7.85) 



i=l 



+ ■ ■ ■ + {pm,n ~ Pm) X / ^ ^i-m^-j'S'(Zj). 



i=l 



For all integers i and j, we have the following equalities : 



\Yi-mYi^jS{Zi)\ < — |yi_m^-jP + |'S'(^j)l^ 



< 



1 

4 L 



\Y- I'^ + iy- -1^ 

I i—m I I I— J I 



(7.86) 



(7.87) 



By applying this last equalities on the next previous equality, it results that : 

, 1 dVn{p) 1 dVniPn 



y/n dpj y/n dpj 



(«^» - «) - E + 2^ E + ^ E s'i^ 

i=l 1=1 1=1 

^ n 1 " 1 

+ • • • + {P^,n - Pm) X [- Y: YU + ^ E + - E ^'(^^ 

j=l i=l j=l 



Recall that the estimator /)„ = ( Pn,i^ ■ ■ ■ , Pn,m)' is consistent, it follows that, for each integer 



(7.J 



k £ {1, . . . , m}, the quantity /S^ „ — /j^ — > as ?i — > 00, remark that this convergence in probability 
is one consequence of the continuous mapping theorem, see for instance van der Vaart (1998). Since 
the model is ergodic with finite second and fourth moments, we obtain under Hq : 



1 dVniPn) 1 dVnipo) 



y/n dpj y/n dpj 



+ Op{l). 



Appendix 

We prove the results which are stated in the remark 3.1, more precisely when / is density of a student 
distribution with a degree of freedom / greater than 3, the functions x 1 — > Mf{x), x 1 — t- Mf[x) and 
X I — > xMf{x) are bounded. 
We have 

fix) = Qil + ^)-'^, 
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where Ci 



We have 



mr(i) 



, and r is the gamma function. Then we have 



Mf{x) 
Mf{x) 
Mf{x) 



X 



l + l 
/ + 1 



/ + 1 



^2, 
I 

I 



4a; 
I 



2x 
I 



1,2 . 3 



2^2 



\Mj{x)\ < 



2x^ 



(1 + 7 



2s2 



+ 



1 + ^- 



We can remark that 



23;2 -I 2x 2x 



Since ^ < (1 + ^) and 1 < (1 + it results that 



\Mf{x)\ < (7. 



We have 



\Mf{x)\ 



We can remark that 



It results that 



< 



l + l 



+ 



4x 
I 



+ 



2x 
I 



Vi 



2x 



2x 



2x 



+ 

ix 
I 

2x 
I 

(1 + ^)' 



^ + (l + f)(l + f) 

2a; 

2 V7 1 



2a; 



\Mf{x)\ < 



I (1 + ^)(1 + ^) 

(/ + l)(4^/I) 



P 



It remains to show that the function x i — > xMf{x) is bounded. In fact, we have 



xMf{x) 



8a'^ 



4x^ 



2x^ 



(1 + ^)' (1 + ^)' (1 + t)' 



(7.90) 
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We have 

'W 



(1+^) (i+x) 



4x i; 



2 



(1 + ^)' (1 + ^)(1 + ^)' 



2x2 



(1 + ^)' (i + t)i + t' 

Since ^ < {1 + ^) < (1 + it result that 

\xMf{x)\ < HiLtll. (7.91) 

Using the equahty (3.9) and from the equahties (7.89) and (7.91), it results that the second derivative 
Nf is bounded. Obviously, this previous results remain satisfied when the value of the degree of freedom 
is smaller than 3. document 
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